In this work we shall investigate the phenomenological implications of the constant-roll condition on a k-Inflation theory of gravity. The latter theories are particularly promising, since these remained robust to the results of GW170817, since these have a gravitational wave speed cT = 1 in natural units. We shall mainly focus on the phenomenology of the k-Inflation models, with the only assumption being the slow-roll condition imposed on the first and fourth slow-roll parameters, and the constant-roll condition for the evolution of the scalar field. We present in detail the final form of the gravitational equations of motion that control the dynamics of the cosmological system, with the constant-roll condition imposed, and by using a conveniently, from the perspective of analytical manipulations, chosen potential, we express the slow-roll indices and the resulting observational indices of the theory as functions of the e-foldings number. The results of our analysis indicate that the constant-roll k-Inflation theory can be compatible with the Planck 2018 data, for a wide range of the free parameters. Also we examine in a quantitative way the effects of the constantroll condition on the parameter f equil NL on which the bispectrum is proportional, in the equilateral momentum approximation, and we demonstrate that the effect of the constant-roll condition is nontrivial. In effect, non-Gaussianities in the theory may be enhanced, a phenomenon which is known to be produced by constant-roll scalar theories of gravity in general.
I. INTRODUCTION
One of the prominent problems in modern theoretical cosmology is to describe accurately the primordial era of our Universe, and particularly the inflationary era, during which our Universe expanded in a nearly exponential rate and became homogenized. To this problem, continuous efforts focusing on the Cosmic Microwave Background structure and inhomogeneity, lead to astonishing results that constrain quite strongly the inflationary spectrum to great accuracy [1] . Particularly, the power spectrum of the scalar primordial curvature perturbations seems to be nearly scale invariant and the tensor-to-scalar ratio is small of the order O(10 −2 ). Initially, inflationary theories were materialized in terms of a scalar field, the inflaton, which controlled the evolution of the Universe during the rapid primordial accelerating era [2] [3] [4] [5] , however nowadays modified gravity also provides a consistent theoretical framework that can harbor the inflationary era, for reviews see [6] [7] [8] [9] [10] [11] [12] . The Planck satellite observational data severely constrained the inflationary era, and narrowed down to a great extent the viable inflationary scenarios, leaving only a few scalar theories of inflation intact with regards their viability. However, many modified gravity models still remain quite viable and compatible with the Planck predictions [1] .
In 2017, the GW170817 event [13] further constrained the inflationary theories, due to the fact that the gravitational waves and the electromagnetic signal emitted from the merging of the two neutron stars came simultaneously. This indicated that the gravitational wave speed was c 2 T = 1 in natural units, thus this phenomenal event eliminated many theoretical models of inflation, like most of the Horndeski theories, and many of the string corrected models involving couplings of the scalar field to the Gauss-Bonnet invariant, see Ref. [14] for details on the currently allowed theories. One of the surviving theories are the so-called k-Inflation theories which have also the appealing feature of being able to describe the dark energy era too.
In this paper we shall investigate the phenomenological features of k-Inflation theories by assuming that the constantroll condition holds true. The astonishing feature of the constant-roll condition, is that it is associated with primordial non-Gaussianities in the power spectrum of the CMB [73] . In ordinary k-Inflation theories, if the slow-roll assumption is taken into account, the non-Gaussianities are expected to be small [74] , however the constant-roll condition may enhance the non-Gaussianities in the bispectrum, in the equilateral momentum approximation. Our purpose is to present the formalism of k-Inflation theories in the constant-roll approximation in detail, and calculate the spectral index of the scalar primordial curvature perturbations and the tensor-to-scalar ratio. In addition, we shall investigate for certain models the factor f equil N L that appears in the bispectrum, in the equilateral momentum approximation. The k-Inflation theories are theories of the general form f (R, φ, X), with X = 1 2 ∂ µ φ∂ µ φ, the perturbations of which were studied in detail in Refs. [75] [76] [77] [78] . Our aim is to present the general form of the "slow-roll" indices capturing the inflationary dynamics in the constant-roll approximation, and investigate whether these theories can provide a viable phenomenology, compatible with the latest Planck data [1] . In addition, we shall examine the possibility whether the bispectrum can be enhanced by the constant-roll condition. For the moment, the Gaussian structure of the primordial scalar models of the perturbations is not questioned, but future observations may distort the Gaussianity assumption, so this paper aims to introduce a theoretical description that may survive from the Planck, GW170817 and from future observations that may indicate the presence of non-Gaussianities in the power spectrum of the primordial scalar perturbations modes. Apart from this fact which clearly motivates the use of the constant-roll condition, we need to explain the motivation for using a k-inflation theory to study its phenomenological aspects. The motivation comes from the fact that the k-inflation theory is the most general theory that can describe inflation with a single scalar field in the context of Einstein gravity [79] . Apart from this, the GW170817 result significantly narrowed down the possible theories that may consistently describe gravitational interactions, thus the remaining viable theories must in some way studied in further detail in order to reveal all the possible phenomenological implications of these.
Our study will be focused on flat background geometries, and specifically we shall assume that the background geometry is that of a flat Friedman-Robertson-Walker (FRW), with line element,
where a(t) is the scale factor.
II. CONSTANT-ROLL k-INFLATION GRAVITY: EQUATIONS OF MOTION AND INFLATIONARY DYNAMICS
The k-Inflation model we shall consider, belongs to the general class of f (R, φ, X) theories, with gravitational action,
where in our case, the function f (R, φ, X) which we shall consider is equal to,
In Eq. (3), X = 1 2 ∂ µ φ∂ µ φ, V (φ) is the scalar potential, α is a real number which will be assumed to be equal to α = 1, with this value corresponding to a canonical scalar field, however we keep the notation for general α because in this way if one wants to study the phantom scalar case, which corresponds to α = −1, one just have to replace α = −1 in the resulting equations. Finally, κ 2 = 1 M 2 p , where M p is the reduced Planck mass, and γ is a free parameter of mass units [m] −4 . For the FRW background (1), the gravitational equations of motion become,
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where the "dot" indicates differentiation with respect to the cosmic time, and F = ∂f ∂R . Using the functional form of the function f (R, φ, X) (3), the gravitational equations become,
and note that F = 1 κ 2 in our case. The dynamical evolution of the cosmological system is controlled by the differential equations (7) , (8) , (9) , given the potential V (φ), however solving these analytically is a formidable task, unless some simplification is implied. We shall quantify the dynamics of inflation in terms of the "slow-roll" parameters [76] (which are traditionally called like this, without assuming for the moment that these are small numbers),
where E in our case is,
Note here that we used a different definition of the slow-roll ǫ 1 in comparison to the standard one [80, 81] . Hereafter we impose the slow-roll condition, only on the slow-roll parameters ǫ 1 =Ḣ H 2 and ǫ 4 , so ǫ 1 , ǫ 4 ≪ 1 during the inflationary era, and also we assume thatφ 2 ≪ V (φ). However, these assumptions-constraints must be checked if they hold true. The slow-roll condition only on ǫ 1 is necessary in order to ensure an exit from the inflationary era, when this slow-roll parameter becomes of the order O(1). In addition, we shall assume that the constant-roll condition holds true, which is,φ
where β is some dimensionless real parameter of the order O(1), so the constant-roll condition affects practically the "slow-roll" parameter ǫ 2 which is required to be ǫ 2 = β.
For the FRW metric, assuming that the scalar field depends solely on the cosmic time, X becomes X = −φ 2 2 , and by substituting this in Eqs. (7) , (8), (9) , in conjunction with the constant-roll condition (12) , the gravitational equations of motion become,
By taking into account the assumptionφ
, the first two gravitational equations become more simple,
From Eq. (15) it is apparent that the k-Inflation contribution to the inflationary evolution comes from terms ∼φ 3 . Let us discuss certain features of Eq. (15) . It is apparently a third order equation with respect toφ, so it has three solutions, two of which are complex and thus not physically interesting, thus we shall use the one with real values oḟ φ. An important comment is in order, notice that if we take the limit β → 0 and γ → 0 in Eq. (15), we obtain,
which is the slow-roll solution. If however one solves algebraically Eq. (15), the limit β → 0 and γ → 0 cannot be taken in the solution, so the slow-roll solution cannot be obtained from the solutions of Eq. (15) by taking the limit β → 0 and γ → 0. Mathematically this is easy to understand, since Eq. (15) describes a curve with non-zero curvature as a function ofφ, so the roots of Eq. (15) are the points where this curve meets theφ axis. The slow-roll solution describes a straight line, instead of a non-zero curvature curve in the plane. To see this more explicitly consider the curve,
with α, β and γ being real parameters. The above equation has three solutions, two of which are complex conjugate so we do not quote here, but the real solution is,
As it can be seen, we cannot take the limit β → 0, infinities occur, but this limit can be taken for the algebraic equation (19), yielding γ + αx = 0. Let us return to the problem at hand, so by solving the algebraic equation (15) with respect toφ, we obtain the following real solution,
and by substituting this to Eq. (12) in conjunction with Eq. (16) we get,
where S(φ) and ∆(φ) in both Eqs. (21) and (22) are defined as follows,
We also have the wave speed which characterizes the propagation of the primordial perturbations, for the k-Inflation theory, which will be needed for the calculation of the tensor-to-scalar ratio,
while the gravitational wave speed is c T = 1, which is why the k-Inflation theories are still compatible with the GW170817 event.
Let us proceed to give the expressions of the "slow-roll" indices for the theory at hand, having in mind that these must be evaluated at the horizon crossing time instance, where the value of the scalar field is φ = φ k . After some simple calculations and by combining Eqs. (10), (11), (16) and (17), these are equal to,
whereφ andφ are functions of the scalar field φ, as in Eqs. (21) and (22) . Accordingly, the spectral index of the primordial curvature perturbations is equal to [76] ,
which holds true even in the case that the ǫ i do not take small values. In addition, the analytic form of the tensorto-scalar ratio r is for the theory at hand [76] ,
which must be evaluated at the horizon crossing. For the above calculation we assumed that the slow-roll indices ǫ 1 and ǫ 4 take small values during the inflationary era, a condition which we must check if it holds true at the end of this section. Notice that for the slow-roll case, the tensor-to-scalar ratio is r = 4|ǫ 1 |c A , so the constant-roll and k-Inflation effects are materialized in the parameters β and γ in Eq. (28) . Having the slow-roll indices as functions of the scalar field, now we can proceed in expressing those as functions of the e-foldings number N , which is defined as follows,
where t i is the time instance that inflation starts, which we shall assume it to be equal to the time instance of horizon crossing, at which k = aH, while t f is the time instance that inflation ends. Of course inflation is known to start quite earlier than the horizon crossing time instance, but we choose t i to be the horizon crossing time instance, because the condition k = aH is vital for the calculation of the power spectrum, both scalar and tensor. Also we need to note that the initial condition of the constant-roll k-inflation theory may be a Bunch-Davies vacuum state [82] or a quasi-de Sitter like expansion which leads to a Bunch-Davies vacuum state [83] . Expressed in terms of the scalar field, the e-foldings number is equal to,
or by using Eq. (16) , this can be written as,
which in view of Eq. (21) yields the e-foldings number as a function of the scalar field φ. The value of the scalar field φ f at the end of the inflationary era can be evaluated easily, since at that era, ǫ 1 (φ f ) ∼ O (1), so φ f is obtained. Thus by substituting the result in Eq. (31) and performing the φ-integration, one can have φ k as a function of the e-foldings number. In effect, the slow-roll indices (26) and the corresponding observational indices (27) and (28) can be expressed as functions of the e-foldings number, and a direct confrontation with the observational data can be done. In the next section we shall examine some specific examples of potentials, in order to see whether a viable phenomenology can be obtained from the constant-roll k-Inflation theory.
A. Inflationary Phenomenology of Constant-roll k-Inflation Power-law Scalar Potentials
In the previous subsection we developed the formalism for the inflationary dynamics of constant-roll k-Inflation theory, and in this section we shall employ it in order to investigate the phenomenology of power-law potentials. However, the most serious setback is the lack of analyticity, so let us choose a relatively simple power-law potential,
where V 0 is some positive parameter with mass dimensions [m] 4−n . For this potential, it is easy to obtain the Hubble rate andφ as functions of φ in closed form, however, in order to find analytically the value of the scalar field at the end of inflation φ f and eventually to express the value of the scalar field at horizon crossing φ k as a function of the e-foldings number N , we shall assume that the term 81(β + 1)γV ′ (φ) 2 is much larger than 8 3 α 3 (β + 3) 3 κ 2 V (φ), that is,
with both the terms appearing in the function S(φ) in Eq. (21), a condition that can be achieved if γ ≫ κ. Let us note here that the condition (33) is not related to the conditionφ 2 2 ≪ V (φ). However, we impose the condition (33) in order to make the analytic treatment easier, and we need to check after we present the phenomenology of the model, whether this holds true for the values of the free parameters that guarantee the phenomenological viability of the model.
Hereafter we choose reduced Planck units, in which κ 2 = 1, so the only assumption we shall make regarding the free parameters is that γ ≫ 1 in Planck units. Having these assumptions in mind,φ can be evaluated in a simplified way and it is equal to,φ
Also, the value of the scalar field at the end of inflation φ f can be evaluated by taking ǫ 1 (φ) appearing in Eq. (26) to be equal to ǫ 1 (φ f ) = 1, so by combining Eqs. (34) and (32), we obtain the approximate solution,
and notice that in the end we must take κ = 1 in reduced Planck units. With φ f ,φ and the potential given, we can combine these and substitute their value in Eq. (31) in order to express the value of the scalar field at horizon crossing as a function of the e-foldings number, and by doing so we obtain,
Having the above at hand, we can express the slow-roll indices (26) and the corresponding observational indices (27) and (28), as functions of the e-foldings number, and we can consequently confront the theory with the observational data. The 2018 Planck data [1] constrain the spectral index and the tensor-to-scalar ratio as follows,
so let us investigate the phenomenology of the constant-roll k-Inflation model. The resulting expressions for the observational indices are quite large to quote these here, but we shall quote the results of our analysis. The compatibility of the resulting theory with the observational data can be achieved only for small values of the parameter β and actually, the parameter β crucially affects the viability of the model. Particularly, it seems that β strongly alters the phenomenology of the model and the rest of the parameters have marginal effects, apart from the parameter n which strongly affects the tensor-to-scalar ratio. For example for V 0 = 0.1, γ = 10 11.439998 in reduced Planck units, and for β = 0.007, α = 1 and n = 1.00006, we get the following values for the observational indices, n s = 0.966994, r = 0.0321681 ,
which are compatible with the latest Planck data (37) . Recall that the 2018 Planck data (37) indicate that the spectral index should be in the range n s = [0.9607, 0.9691], so clearly the results (38) are within the allowed range.
In addition, by choosing for example, V 0 = 10 10 , γ = 10 11.439998 in reduced Planck units, and for β = 0.0059, α = 1 and n = 20, we get the following values for the observational indices, n s = 0.955457, r = 0.134348 ,
so it is obvious that V 0 , n and γ do not affect the spectral index, however, the tensor-to-scalar ratio is strongly affected by the parameter n. Indeed, if we choose V 0 = 10 10 , γ = 10 11.439998 in reduced Planck units, and for β = 0.0059, α = 1, as in the previous case, and choose additionally n = 1, the tensor-to-scalar ratio drops drastically to r = 0.032. So it seems that only the parameters β and n have a strong effect on the observational indices. In order to better illustrate this issue, in Fig. 1 we present the contour plots of the spectral index n s (left plot) and of the tensorto-scalar ratio (right plot) as functions of V 0 and γ, for (N, β, α, κ, n) = (60, 0.007, 1, 1, 1.00006) , and for V 0 chosen in the range V 0 = [0, 0.1] and γ = [0, 10 12 ]. In both the plots it is apparent that V 0 and γ do not crucially affect the observational indices. In both the plots, the lighter colors indicate larger values of the plotted quantities, and darker colors indicate smaller values of the respective plotted quantity. In both plots we indicated some characteristic values of the respective plotted quantity. Before closing it is worth discussing another important issue, related with the values of the parameter c 2 A which can be related with Jeans instabilities if c 2 A < 0 or it may have superluminal values [32] . In our case, the results are free from superluminal velocities and Jeans instabilities, since c 2 A defined in Eq. (25) takes values c 2 A < 1 for a large range of the values of the free parameters chosen in such a way so that the observational indices are compatible with the observational data. For example, if we choose, V 0 = 0.1, γ = 10 11.439998 in reduced Planck units, and for α = 1 and n = 1.00006, we get,
In order to better understand the behavior of the velocity c 2 A , in Fig. 2 we present the contour plots of c 2 A as a function of V 0 and γ. As it can be seen from both plots of Fig. 2 , the sound wave speed c 2 A hardly changes as V 0 and γ take different values. Furthermore, it can be shown that n and β also do not drastically affect the sound wave speed c 2 A , and in all cases, the wave speed takes positive values with c 2 A < 1. In this case too, darker colors indicate larger values of the wave speed c 2 A , and in both plots we indicated some characteristic values. It is important to validate that the assumption ǫ 1 , ǫ 4 ≪ 1 we made in order to calculate the tensor-to-scalar ratio, holds true, for the allowed values of the free parameters of the model. Indeed, it can be checked that both ǫ 1 , and ǫ 4 take small values for the allowed values of the free parameters, for example by choosing V 0 = 0.1, γ = 10 11.439998 in reduced Planck units, and for β = 0.007, α = 1 and n = 1.00006, we have, which are indeed quite smaller than unity. For these indices, the same rules apply, so these are crucially affected by the parameter β.
Finally, it is also vital for the self-consistency of the model and the results presented above, to check whether the condition (33) holds true for the values of the free parameters that guarantee the phenomenological viability of the model. By choosing for example, V 0 = 0.1, γ = 10 11.439998 in reduced Planck units, and for β = 0.007, α = 1 and n = 1.00006, we have,
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in reduced Planck units, which clearly indicates that the imposed condition (33) holds true.
B. The non-Gaussianities Issue
The primordial power spectrum of the curvature perturbations seems up to date to be Gaussian, to a high accuracy. However, the future observations may reveal non-Gaussianities in the spectrum, and these are quantified in the bispectrum and trispectrum, which in turn are quantified in the correlation functions g k1 , g k2 g k3 ∼ B g (k 1 + k 2 + k 3 ) and g k1 , g k2 g k3 g k4 ∼ T g (k 1 +k 2 +k 3 +k 4 ) [79] . The momenta have to add up to zero, while the function B g (k 1 +k 2 +k 3 ) is the bispectrum and T g (k 1 + k 2 + k 3 + k 4 ) is called the trispectrum. The constant-roll condition is known to produce non-Gaussianities in canonical single scalar field theory, so one of the purposes of this paper is to investigate whether this is possible in the context of constant-roll k-Inflation theory. The calculation for the bispectrum B g (k 1 + k 2 + k 3 ) ∼ f equil N L in classes of f (R, φ, X) theories were performed in several works, but in Ref. [74] the bispectrum was calculated without assuming the slow-roll conditions on the slow-roll indices, so the result fits in an optimal way our work, because in our case the second slow-roll index does not take small values. We shall change the notation of Ref. [74] in order to comply with the previous sections of our work, so in the equilateral momentum approximation, the parameter f equil N L in terms of the slow-roll indices reads,
where the parameters Q and C i are defined as follows,
and c 2 A is defined in Eq. (25), while the parameters w i appearing in Eq. (45) are defined as follows,
Finally Σ appearing in Eq. (46) is defined as follows,
By inserting the C i 's and the w i 's in Eq. (44), the parameter f equil N L reads,
Finally, the parameters s and λ were introduced for notational convenience, and these are defined as follows,
In order to have a concrete idea on the new effects that the constant-roll condition brings along in the k-Inflation theory, let us use the numerical values of the free parameters for which we achieved the compatibility with the observational data, and let us compare the results with the slow-roll case. Obviously, the non-Gaussianity will be enhanced by the presence of the term 5ǫ2 ∼ 0.00155172, which is nearly one order smaller in comparison to the term ∼ ǫ 2 . The result is still small, but more enhanced in comparison to the slowroll case, and also it is within the acceptable limits of the 2018 Planck constraints on primordial non-Gaussianities, which indicate that f equil N L = −26 ± 47 [84] . Thus the constant-roll condition may enhance the non-Gaussianities in the power spectrum of primordial curvature perturbations of the k-Inflation theory with power-law potential. In principle, more phenomenologically interesting potentials can be used, but the lack of analyticity restricted us to use the simplest choices.
III. CONCLUSIONS
In this paper we investigated the phenomenological implications of the constant-roll condition in a k-Inflation theory in the presence of scalar potential. We presented in detail the structure of the gravitational equations of motion, in view of the constant-roll condition, and by assuming that only the first slow-roll index takes small values, thus quantifying the slow-roll condition only on this index, we formed the set of differential equations that governs the constant-roll k-Inflation theory. By choosing a convenient potential, that may allow analytical manipulation of the equations to some extend, we expressed the slow-roll indices and the corresponding observational indices as functions of the e-foldings number. As we demonstrated, the observational indices of the resulting quadratic potential theory can be compatible with the observational data coming from the latest Planck 2018 collaboration. Also we examined in some detail the quantitative effects of the constant-roll condition on the parameter f equil N L appearing in the bispectrum, in the equilateral momentum approximation, and we demonstrated that non-trivial effects occur, thus non-Gaussianities are enhanced. In general, f (R, X, φ) theories of k-Inflation type, and generalizations, are particularly useful for providing theoretical descriptions both compatible with the Planck data on inflation and more importantly with the striking GW170817 event. Work is in progress towards a unified modified gravity k-Inflation theory with general scalar potentials.
Finally we need to stress one more the fact that k-inflation theories lead to a c 2 T = 1 gravitational wave speed in natural units [76] , regardless of the values of the free parameters of the theory. This was partially the motivation for studying this specific class of theory with regard to its phenomenological implications.
